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ASCHAM SCHOOL
2008

MATHEMATICS EXTENSION 1:
YEAR 12 TRIAL EXAMINATION

TIME ALLOWED: 2 HOURS PLUS 5 MINUTES’
READING TIME

EXAMINATION DATE: MONDAY 28 JULY

INSTRUCTIONS

ALL QUESTIONS MAY BE ATTEMPTED.

ALL QUESTIONS ARE OF EQUAL VALUE (12 MARKS).

ALL NECESSARY WORKING MUST BE SHOWN.

MARKS MAY NOT BE AWARDED FOR CARELESS WORK.
APPROVED CALCULATORS AND TEMPLATES MAY BE USED.

COLLECTION
START EACH QUESTION IN A NEW BOOKLET.
IF YOU USE A SECOND BOOKLET FOR A QUESTION, PLACE
IT INSIDE THE FIRST.
WRITE YOUR NAME, TEACHER’S NAME AND QUESTION
NUMBER ON EACH BOOKLET.
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Standard Integrals
.[x”dx =Lx”“, n#-1 x=0,ifn <0
n+1

J.idx =lnx, x>0
X

.[ e“dx =le‘”‘, a#0
a

1 .
J.COSaxdx =—sinax, a=#0
a
. 1
ISII’\axdx =——coSax, a=#0
a

1
jseczax dc =—tan ax, a=#0
a

1
ISeCaxtan ax dx =—secax, a=0
a

J 21 2a’x :ltan‘lﬁ, a#0
a® +x a a

. 1 X
=sin * =, a>0, —a<x<a
a

1
o

Iﬁdx :In(x+\/x2—a2) x>a>0

fﬁdx zln(x+vx2+a2)

NOTE:Inx =log,x, x>0
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Question 1

€)) dx

Ja-xt

1
Evaluate J'
0

(b)

Solve the inequality iz >4,
X

(©) Find the derivative of "%,

(d) : . i
Evaluate j4t(2t —1)*dr by using the substitution u =27 1.
1

2

(e)

Use the #-results to show that cot @ + tan %6’ =coSecl .
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Question 2 Begin a new booklet.

(@)

Find all solutions to the equation cosé = —%.

(b) (i) On the same diagram sketch the graphs of y =|x—2| and y = %x—l.

(i) By using (i) or otherwise, determine the value of ¢ such that the equation

|x—2|= %x+ c has exactly 2 solutions.

(c) Consider the graph of X versus x shown below, where X is acceleration and
x is displacement for a particle P moving along the x-axis.

X
A

(-5,20)

D
v
=

(5, -20)

0] Explain why the equation relating X and x is given by ¥ =—4x.
(i) Explain why P is moving in simple harmonic motion.

(iii)  From the graph, find the amplitude of the motion.

(iv)  Find the period of the motion.

(V) Find the equation of the motion in the form x = asin(nt +¢) if

x=2.5 when ¢=0. Assume —%ggs%.

(vi)  Find the maximum speed of P.

1

R e
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Question 3 Begin a new booklet.
() (i) State the domain of y = In(1- x). Hence sketch the graph of y = In(1— x).

A particle P moves along the x-axis with velocity v cm/s and displacement x
cm at ¢ seconds, according to the equation v =—e™".

(ii) Derive an equation for x in terms of ¢ given that when ¢ = 0, x = 0. Hence
show x =In(1-7).
(iii) Find the time interval over which P moves.

(iv) With reference to part (i) or otherwise, explain why the particle is
speeding up for all ¢ in the domain.

(b)
A /

Consider the points 4, B and C, lying on the circle, with tangents drawn from
A and B, meeting at P. AC//BP.
Copy the diagram.

(i) Prove AB=BC .
(ii) Prove £4ABC = ZAPB.

N



Ascham School Mathematics Extension 1 Trial 2008 + Solutions Copyright.

Question 4 Begin a new booklet

(@)

(b)

Pap, apz)

0(2aq,aq’)

“«—————f— o ———————

Diagram not to scale.

Two points P(2ap,ap®) and Q(2ag,aq’) lie on the parabola x* = 4ay .
Copy the diagram.

(i) Show that the equation of the tangent / to the parabola at the point P
iSy=px—ap® .

(if) The tangent at P and the line through Q parallel to the y-axis intersect at
T. Show that the coordinates of T are (2aq, 2apq —ap®).

(iii) Find the coordinates of M, the midpoint of PT .

(iv) Hence or otherwise find the Cartesian equation of the locus of M
when pg =-1.

Salinity is a major problem confronting the environment. The quantity of salt
O kg in a reservoir of water after ¢ days can be modelled by the equation

0 =1000(1— %),

(i) Show that O = 1000(1— e‘°'°1’) satisfies the differential equation

do
— =0.011000-0).
= 0:011000-0)
(if) What is the initial quantity of salt in the reservoir?

(iii) Find the rate at which the salt is changing after 10 days.

(iv) What will happen to the salt in the reservoir as time goes on?
(v) Sketch the equation O = 1000(1— e o )

N

T
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Question 5 Begin a new booklet.

(a) Use one application of Newton’s method to find an approximation to the root
of cosx+sinx—x=0, nearestto x=1.2 .

(b) (i) Express sinx—cosx in the form Rsin(x—e), where R >0 and

O<a<r.

(ii) Hence solve the equation sinx—cosx =1, for 0<x<2r.

(¢) (i) For what values of x is sin™* x defined?

(ii) Find the maximum value of 2x(1-x).

(iii) Find the range of the function fgiven by f(x)=sin*{2x(1- x)} with
domain 0 < x <1.
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Question 6 Begin a new booklet.

(@) T

hm

S

A surveyor estimates the height # m of a mesa in the desert by taking two
readings. Standing due South of the foot F of the mesa at point S, the angle
of elevation to the top of the mesa is 9°, whereas from point 7, due west of
the foot of the mesa, the angle of elevation is 15° to the top of the mesa. The
surveyor knows that the distance from S to W is 1200 m.

Copy the diagram.

(i) Show that h* (cot” 9°+cot*15°) =1200°.
(if) Hence find the height of the mesa correct to two significant figures.

(b) Prove by induction that i—i—iz—...— ! =;,for all positive
x-1 x «x X" x"(x-1)

integersnand x=0,1.

(c) A goose is flying horizontally along at a speed of S m/s and at an altitude of
H m when it passes a goose hunter below lying at (0,0) with a goose rifle.
Simultaneously, the hunter shoots a bullet up at an angle & from the
horizontal with a velocity V' m/s hoping to shoot the goose. Assume the
acceleration due to gravity is g m/s”.

(i) Explain why x = St describes the distance the goose has flown after ¢
seconds.

2
You may assume the equations of motion x =Vzcosé@ and y =Vzsin 9—%

describe the horizontal and vertical distances of the bullet after 7 seconds.
Assume that the bullet hits the goose.

(i) Explain why S =71 cosé .
2
(ili))  Hence show that H = —%+ Sttané.

(iv)  Hence show that there are two possible occasions when the bullet
can shoot the goose if S*tan*@ >2gH .
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Question 7 Begin a new booklet

(@) A sector maintains a constant area of 507 c¢cm?, while the radius » cm and
angle at the centre ¢ change. Find the rate at which the radius is changing

given that % :% radian/second, when the radius is 10cm.

(b)

(i) Prove that y = 1 is concave up forall x >0.
X
. 1
(ii) Sketch y == for x> 0.
X

Suppose 0 < a < b and consider the points A(a,ij and B(b,%) on the
a

graph of y = 1

X

(iii) Find the coordinates of the point P that divides the line segment 4B in
the ratio 2:1.

(iv) With reference to areas and by careful argument,

2 2
deduce that In2< b"—a
a 2ab
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